Abstract. In this paper, the author established the general solution and generalized Ulam-Hyers-Rassias stability of n-dimensional additive functional equation
Introduction and preliminaries
In 1940, the stability of functional equations had been first raised by S. M. Ulam [32] . In 1941, D. H. Hyers [18] gave an affirmative answer to the question of S. M. Ulam for Banach spaces.
In 1950, T. Aoki [2] was the second author to treat this problem for additive mappings. In 1978, Th. M. Rassias [25] succeeded in extending Hyers' Theorem by weakening the condition for the Cauchy difference controlled by p}x} p`} y} p q, p P r0, 1q, to be unbounded.
In 1982, J. M. Rassias [23] replaced the factor }x} p`} y} p by }x} p }y} q for p, q P R. A generalization of all the above stability results was obtained by P. Gavruta [16] in 1994 by replacing the unbounded Cauchy difference by a general control function ϕpx, yq.
In 2008, a special case of Gavruta's theorem for the unbounded Cauchy difference was obtained by Ravi et al., [30] by considering the summation of both the sum and the product of two p-norms. The stability problems of several functional equations have been extensively investigated by a number of authors and there are many interesting results concerning this problem (see [3, 4, 5, 6, 7, 8, 9, 21, 24, 30] ) and reference cited therein.
In 1951, Bourgin [10] treated the Ulam stability problem for additive mappings. In 1978, Th. M. Rassias [25] proved a generalized stability theorem for the linear mapping by applying Hyers' direct method. In 1980 and in 1987, Fenyo [13, 14] established the stability of the Ulam problem for quadratic mappings and other linear mappings. In 1987, Gadja and Ger [15] obtained some analogous stability results for subadditive multifunctions.
The solution and stability of the following additive functional equations
were discussed by J. Aczel [1] , D. O. Lee [12] , K. Ravi, M. Arunkumar [29, 31] . Very recently, the general solution and generalized Hyers-Ulam-Rassias stability of the additive functional equation
was studied by M. Arunkumar [5] . Also M. Arunkumar et al. [6] investigate the generalized additive functional equation
in the setting of intuitionistic fuzzy normed spaces. f´nx 0˘n
for all x 0 , x 1 .¨¨¨, x n P X.
In this paper, the author investigate the solution and stability of the n-dimensional additive functional equation (1.7) in generalized 2-normed space.
In Section 2, some basic definitions on generalized 2-normed space is present.
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In Section 3, the general solution of the functional equation (1.7) is given. In Section 4, the generalized Ulam-Hyers-Rassias stability of the additive functional equation (1.7) is proved.
Examples for non stability cases of the additive functional equation (1.7) is discussed in Section 5.
Basic definition on generalized 2-normed space
In this section, some basic definitions related to generalized 2-normed spaces are presented.
Definition 2.1. [7] Let X be linear space. A function N p., .q : XˆX Ñ r0, 8q is called a generalized 2-normed space if it satisfies the followings (M1) N px, yq " 0 if and only if x and y are linearly independent vectors. (M2) N px, yq " N py, xq for all x, y P X. (M3) N pλx, yq " |λ|N px, yq for all x, y P X and X " ϕ, ϕ is a real or complex field. (M4) N px`y, zq ≤ N px, zq`N py, zq for all x, y, z P X.
The generalized 2-normed space is denoted by pX, N p., .qq.
Definition 2.2. [7]
A sequence tx n u in a generalized 2-normed space pX, N p., .qq is called convergent if there exists x P X such that lim nÑ8 N px n´x , yq " 0. Then lim nÑ8 N px n , yq " N px, yq for all y P X. Definition 2.3. [7] A sequence tx n u in a generalized 2-normed space pX, N p., .qq is called Cauchy sequence if there exist two linearly independent elements y and z in X such that tN px n , yqu and tN px n , zqu are real Cauchy sequences.
Definition 2.4. [7]
A generalized 2-normed space pX, N p., .qq is called generalized 2-Banach space if every Cauchy sequence is convergent.
The solution and stability of additive and quadratic functional equation in generalized 2-normed space was first discussed in [7] .
General solution of the functional equation (1.7)
In this section, the general solution of the functional equation (1.7) is given.
Theorem 3.1. Let X and Y be real vector spaces. The mapping f : X Ñ Y satisfies the functional equation
for all x, y P X if and only if f : X Ñ Y satisfies the functional equation
Proof. Let f : X Ñ Y satisfy the functional equation (3.1). Setting x " y " 0 in (3.1), we get f p0q " 0. Set x "´y in (3.1), we get f p´yq "´f pyq for all y P X. Therefore, f is an odd function. Replacing y by x and y by 2x in (3.1), we obtain (3.3) f p2xq " 2f pxq and f p3xq " 3f pxq for all x P X. In general for any positive integer a, we have
One can easily verify that the equation (3.1) can be transformed into
for all x 1 ,¨¨¨, x n P X. Now, if we replace px 1 ,¨¨¨, x n q by px 0˘x1 ,¨¨¨, x 0˘xn q in (3.5), we derive (3.2) for all x 0 , x 1 ,¨¨¨, x n P X. Conversely, let f : X Ñ Y satisfies the functional equation (3.2). Setting px 0 , x 1 ,¨¨¨, x n q by p0, 0,¨¨¨, 0q in (3.2), we get f p0q " 0. Replacing px 0 , x 1 ,¨¨¨, x n q by px, 0,¨¨¨, 0q in (3.2), we obtain (3.6) f paxq " af pxq, for all x P X.
Substituting px 0 , x 1 , x 2 , x 3 ,¨¨¨, x n q by p0, x,¯x, 0¨¨¨, 0q in (3.2), we get f p´xq "´f pxq for all x P X. Letting px 0 , x 1 , x 2 , x 3 ,¨¨¨, x n q by p0,˘x,˘y, 0¨¨¨, 0q in (3.2), we prove (3.1) for all x, y P X.
Stability of the functional equation (1.7)
In this section, the generalized Ulam-Hyers-Rassias stability of the additive functional equation (1.7) is provided. Throughout this section, let X be a generalized 2-normed space and let Y be a generalized 2-Banach space.
Theorem 4.1. Let j P t´1, 1u. Let α : X n`1 Ñ r0, 8q be a function such that for all x 0 , x 1 ,¨¨¨, x n P X. Suppose that a function f : X Ñ Y satisfies the inequality
N´f´nx 0˘n
for all x 0 , x 1 ,¨¨¨, x n P X and all u P X. Then there exists a unique additive function A : X Ñ Y such that
α´n kj x, 0,¨¨¨, 0 looomooon n´timesn kj
for all x P X and all u P X. The mapping Apxq is defined by
NˆApxq´f pn mj xq n mj , u˙" 0 for all x P X and all u P X. for all x P X and all u P X. Combining (4.5) and (4.6) using (M4), we arrive at p4.7q Nˆf pn 2 xq n 2´f pxq, u˙≤ Nˆf for all x P X and all u P X. In order to prove the convergence of the sequence " f pn m xq n m * , replace x by n l x and divide by n l in (4.8), for any m, l ą 0. Then we obtain (4.9) Nˆf pn m`l xq n m`l´f pn l xq n l , u˙"
for all x P X and all u P X. Also for all x P X and all u P X. Now we need to prove that A satisfies (1.7). Replacing px 0 , x 1 ,¨¨¨, x n q by pn m x 0 , n m x 1 ,¨¨¨, n m x n q and dividing by n m in (4.2), we get
for all x 0 , x 1 ,¨¨¨, x n P X and all u P X. Now (4.13) N´A´nx 0˘n
or all x 0 , x 1 ,¨¨¨, x n P X and all u P X. Hence it follows from (4.11), (4.12) and (4.13). We arrive at (4.14)
or all x 0 , x 1 ,¨¨¨, x n P X and all u P X. Letting m Ñ 8 in (4.14) and using (4.1), we see that
Using (M1), we see that A satisfies (1.7). In order to prove that Apxq is unique, let Bpxq be another additive mapping satisfying (1.7) and (4.3). We get
pk`mq Ñ 0 as m Ñ 8 for all x P X and all u P X. Hence A is unique. N´f´nx 0˘n
for all x 0 , x 1 ,¨¨¨, x n P X and all u P X, then there exists a unique additive function A : X Ñ Y such that
for all x P X and all u P X.
Counterexamples for non stability cases
In this section, the counterexample for non stable cases is discussed. Now, we will provide an example to illustrate that the functional equation (1.7) is not stable for s " 1 in condition (ii) of Corollary 4.2. αpn m xq n m for all x P R.
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Then f satisfies the functional inequality
for all x 0 , x 1 ,¨¨¨, x n P R and u P R. But there does not exist any additive mapping A : R Ñ R and any constant δ ą 0 such that (5.2) N pf pxq´Apxq, uq ≤ δ}x} for all x P R.
Proof. Now
Therefore, we see that f is bounded. We are going to prove that f satisfies (5.1). Then there exists a positive integer k such that
so that n k´1 }x i } ă 1, i " 0, 1, 2,¨¨¨, n and consequently
Therefore, for each m " 0, 1, . . . , k´1, we have
and
. From the definition of f and (5.3), we obtain that
Thus f satisfies (5.1) for all x i P R, i " 0, 1, 2.¨¨¨n with 0 ă
We claim that the additive functional equation (1.7) is not stable for s " 1 in condition (ii) of Corollary 4.2. Suppose on the contrary that there exist an additive mapping A : R Ñ R and a constant δ ą 0 satisfying (5.2). Since f is bounded and continuous for all x P R, A is bounded on any open interval containing the origin and continuous at the origin. In view of Theorem 4.1, A must have the form Apxq " cx for any x in R. Thus we obtain that (5.4) N pf pxq, uq ≤ pδ`}c}q}x}.
But we can choose a positive integer with µ ą β`}c}. If x P`0, 1 n ´1˘, then n m x P p0, 1q for all m " 0, 1, . . . , ´1. For this x, we get N pf pxq, uq " for all x 0 , x 1 ,¨¨¨, x n P R and u P R. Then there does not exist any additive mapping A : R Ñ R and any constant δ ą 0 such that (5.6) N pf pxq´Apxq, uq ≤ δ}x} for all x P R.
